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Abstract. The purpose of this paper is to develop a cohomology and deformation theories for generalized 
, left- symmetric algebras. We introduce the notions of generalized left-symmetric cohomology and defor- 

mation. We also generalize a theorem of Dzhumadil'daev on connections between the right-symmetric co- 
' homology and Chevalley-Eilenberg cohomology. As an application, we obtain a factorization theorem in 

left- symmetric superalgebras cohomology. Finally, we obtain all complex simple left-symmetric superalge- 
' bras of dimension 3 by the infinitesimal deformations of a given left-symmetric superalgebras. 
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1. Introduction 

The supersymmetry theory is an active and interesting research object of mathematics and mathematical 
physics; its mathematical foundation is the theory of Lie superalgebras as well as of Lie supergroups and 
of supermanifolds. The generalized Lie algebras, which include Lie algebras and Lie superalgebras as 
special cases, have been described in [24, 26, 27, 16, 17] from algebraic point of view and has been 
introduced into physics in 1978 ([25]). 

Let F be an abelian group and k* denote the multiplicative group of a field k. Then a mapping e : 
r X F — > fc* is called a commutation factor on F if for all a,/3,y € F, 

(1.1) e{a,/3)e(/3,a) - 1, 

(1.2) e{a,/3 + y) = e{a,l5)e{a,y). 
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O' (1-3) e(a+Ar) = e{a,y)e(fi,y). 

cn 



A F-graded algebra L = ^y^rLy with the multiplication (x, y) i-> [x, y] is called a generalized Lie algebra 
(or e-Lie algebra) if the following identities are satisfied: 

(1.4) [x,y] + e{a,j3)[y,x] - (e-skew symmetry), 

(1.5) e{a,y)[x,[y,z]] + cyclic = (e-Jacobi identity), 

for all X e La,y e L^,z £ Ly,a,p,y e F. On the other hand, a non-associative algebra S with the 
multiphcation {x,y) x-y is called a left-symmetric algebra (or pre-Lie algebra) ([1 , 4]) if the following 
identity is satisfied: 

(1.6) (x-y) ■ z- X- (y ■ z) = (y ■ x) ■ z-y ■ {x- z) 

for all x,y,z ^ S. Since left-symmetric algebras are a kind of Lie admissible algebras, there are some close 
connections between left-symmetric algebra and Lie algebra theories. For example, if G is a connected and 
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simply connected Lie group with Lie algebra g, then the isomorphism classes of left-symmetric algebraic 
structures on g correspond to left-invariant flat afiine structures on G. 

The purpose of this paper is to introduce the notion of generalized left-symmetric algebras and to 
investigate their cohomology and deformation theories. The cohomology theory of Lie algebras as an 
important tool originated in the works of Cartan and was developed by Chevalley and Eilenberg [5], Koszul 
[18], and Hochschild and Serre [14]. Moreover, the cohomological constructions of Lie superalgebra 
and generalized Lie algebra first appeared in [20] and [22] respectively, (see [2, 10, 28, 19] for the 
calculations and applications of generalized Lie algebra cohomology.) In 1999, Dzhumadil'daev [6] has 
defined cohomology groups H"^^^{S,M) for a right-symmetric algebra S and an antisymmetric module 
M and moreover, it was proved that the right-symmetric cohomology can be deduced from corresponding 
Lie algebra cohomology. In this paper, we will generalize the result of Dzhumadil'daev to the generalized 
left-symmetry algebra cohomology case. In particular, we show that 

(1 .7) , M) = Hl,^{Qs ,C\S,M)) for all / > 0, 

where g^ denotes the associated e-Lie algebra of S . Applying the Hochschild-Serre factorization theorem 
in Lie superalgebras ([2]), we obtain a factorization theorem (Theorem 4.3) in left- symmetric superalge- 
bras cohomology. 

The formal deformation theory was introduced by Gerstenhaber ([1 1]) for associative algebras in I960'. 
The fundamental results of Gerstenhaber' s theory connect deformation theory with the suitable coho- 
mology groups. Nowadays deformation-theoretic ideas penetrate most aspects of both mathematics and 
physics and cut to the core of theoretical and computational problems ([3, 7, 8, 9, 12, 23, 21, 13, 32]). In 
this paper, we also develop a formal deformation theory for generalized left-symmetric algebras. As an ap- 
plication, we obtain all complex simple left-symmetric superalgebras of dimension 3 by the infinitesimal 
deformations of a given 3-dimensional left-symmetric superalgebras. 

The present paper is organized as follows. In Section 2, we introduce the notions of the generalized 
left-symmetric algebra and its bimodule. A few examples are presented. We also define a generalized 
left-symmetric bimodule structure on the tensor product M <^ N of two bimodules M and N. In partic- 
ular, one can endow C''*'^{S,M) = Hom(A^5' g) S,M),i > with an antisymmetric bimodule structure. 
In Section 3, we prove that C{S,M) = ®i>oC'^^{S , M) has the structure of an e-pre-simplicial cochain 
complex. The notions of generalized left-symmetric coboundary, cocycle and cohomology spaces are de- 
fined. Section 4 deals with a generalization of a theorem due to Dzhumadil'daev on connections between 
the left-symmetric cohomology and Chevalley-Eilenberg cohomology. In Section 5, the generalized left- 
symmetric deformations are introduced in the sense of Gerstenhaber. We determine all complex simple 
left-symmetric superalgebras that can be obtained by the infinitesimal deformations of a given simple 
left-symmetric superalgebra of dimension 3. They are just all simple left-symmetric superalgebras of 
dimension 3 in [29] (or see [31]). 

Throughout this paper all vector spaces and (super)algebras are assumed to be finite-dimensional over 
a field k of characteristic zero. 

2. Generalized Left- symmetric Algebras and Bimodules 
We first introduce the notion of generalized left-symmetric algebra. 
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Definition 2.1. Let F be an abelian group and 6 be a commutation factor on F. A F-graded nonassociative 
algebra S = ®jerSy with the multiplication {x,y) x ■ y satisfying 

(2.1) Sa ■ C Sa+p, 

is called a generalized left-symmetric algebra (or a generalized left-symmetric algebra) if the following 
identity is satisfied: 

(2.2) {x-y)-z-x-(y-z)^ e(a,/3)((y ■ x) ■ z - y ■ (x ■ z)) 

for all X € S a,y £ Sp,z £ S, a,f3 eV. {x,y,z) := {x • y) ■ z - x ■ (y ■ z) is called the associator of S . 

Example 2.2. 1. If we choose e to be the trivial commutation factor, that is e{a,P) = 1 for all a,fi e T. 
Then a F-graded generalized left-symmetric algebra is nothing but a F-graded left-symmetric algebra. 

2. If F = Z2 is the additive group of integers modulo 2 and e{a,P) := (-1)"^ for all a,fi e Z2, then 
Z2-graded generalized left-symmetric algebras are just left-symmetric superalgebras (see [30] or [15]). 

3. Let V be a F-graded vector space and e be an arbitrary commutation factor on F. Then the sum of 
the subspaces of all homogeneous ^-linear mappings from VtoV with degree y 

(2.3) Hom(y, V) := ®yerHom(V, V)y, 

is a F-graded generalized left-symmetric algebra with respect to the usual composition of linear mappings. 
In fact, it is a F-graded associative algebra and denoted by gl{V, e). 

A generalized left-symmetric algebra S is an e-Lie admissible algebra, that is, for all ;c e Sa,y e Sjs 
and a,yS 6 F, the e-commutator 

(2.4) [x,y^ --x-y- e(a,^)y ■ x 

makes S to become an 6-Lie algebra, which is called the associated 6-Lie algebra of S and denoted by 95 . 

Remark 2.3. We notice that every generalized left-symmetric algebra S has a natural Z2-gradation. In 
fact, it follows from (1.1) that the mapping 

(2.5) : F ^ F, a\-^ e(a, a) 

is a homomorphism of groups and for all a in F, we have e(a, a) = ±1. Let us define 

(2.6) Fo := {aeY\e{a,a) = \}, 

(2.7) Fj := {a er\e{a,a) = -l). 
Then Fg = Ker0 is a subgroup of F and it follows that the decomposition 

(2.8) S=So(BSi, 
is a Z2 -gradation of S , where S '.= ®aeriS a 

for / = 0, 1. 

Definition 2.4. A F-graded vector space M is said to be a bimodule over a generalized left-symmetric 
algebra 5 if it is endowed with a left action A x M — > M, (x, m) i-> x • m and a right action M x A — > 
M, (m, x) ^ m - X such that 

(2.9) {x ■ y) ■ m - X ■ (y ■ m) = e{a,/3){(y ■ x) ■ m-y ■ {x ■ m)) 

(2. 10) {x ■ m) ■ y - X ■ {m ■ y) = e{a, 7)((m ■ x) • y - m ■ {x ■ y)) 
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for all X e Sa,y e 5^, m e My and a,yS, 7 e F. 

Definition 2.5. A generalized left-symmetric 5 -bimodule M is said to be antisymmetric if the right action 
of 5 is trivial, that is m • x = for all x e 5 and m e M. 

A generalized left-symmetric S -bimodule M is said to be special if the left action of S is associative, 
that is, (x ■ y) ■ m - X ■ (y ■ m) - for all x,y e S and m e M. 

Example 2.6. Any generaUzed left-symmetric algebra S can be endowed with a natural 5 -bimodule 
structure, (x, m) x • m, (m, x) i-> m • x for all jc, m e 5 . In this case, 5 is called the regular bimodule. 
Moreover, it is easy to check that the regular bimodule of gl(V, e) is special. 

Proposition 2.7. Let S be a generalized left-symmetric algebra and M be anS -bimodule. Then the graded 
space ofk-linear maps 

(2.11) C\S,M) ■- Hom(5,M) = ®yeriiomy(S , M) 
is an antisymmetric S -bimodule if we define the left action as follows: 

(2. 12) {x-f)(y):^x- f(y) - e(a, y)f{x ■ y) + e(a, y)f{x) ■ y, 
where x e Sa,y e S/s,f e Homy(5, M) and a,^,y e F. 

Proof. Let / £ Homy(5, M) and X, j,z belong to ^Q,,^^,^ respectively, then 

((x-y)-f)iz) = ix-y)-fiz)-eia+J3,y)fiix-y)-z) + €ia+^,y)f{x-y)-z, 
((yx)-f)(z) = (yx)-f(z)-e(a+J3,y)f((yx)-z) + €(a+^,y)f(yx)-z, 

and 

(x-iy-fm) 

= x-{(y /)(z)) - eia,/3 + y)(y ■ f){x ■ z) + e{a,l3 + yX(y ■ f){x)) ■ z, 
= x-{y f{z) - y)f(y ■ z) + e(fi, y)f(y) ■ z) - 

e{a,l5 + y)(y ■ f(x ■ z) - eip, y)f(y ■ (x ■ z)) + y)f(y) ■ (x ■ z)) + 

€ia,/3 + y)(y ■ f{x) - e(j3, y)f(y ■ x) + e(J3, y)f(y) ■ x) ■ z. 

Similarly, we have 

(y{x-f)){z) 
= y{x- f(z) - €(a, y)f(x ■ z) + €(a, y)f(x) ■ z) - 

e(fi, a + y){x ■ f(y ■ z) - e{a, y)f{x ■ (y ■ z)) + e{a, y)f{x) ■ (y ■ z)) + 
eifi, a + y){x ■ f(y) - e{a, y)f{x ■ y) + e(a, y)f{x) ■y)-z. 

The direct computation shows that 

((X ■ y) ■ f)(z) -(x-(y f))(z) = e(a,m(y ■ x) ■ f)(z) -(y(x- f))(z)). 

Hence, C^(S, M) is an antisymmetric 5 -bimodule. □ 
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Definition 2.8. If g is an 6-Lie algebra over a field k, then a left Q-module is a F-graded vector space M 
together with a multiplication q~k M ^ M,{x,m) [x, m] satisfying the axioms: 

(1) {x, m) i-> [x, m] is linear in x and in m; 

(2) [[x, y],m\- [x, \y, m]] - e{a,p)\y, [x, m]] for all x e g„ and y £ g^. 

A generalized left-symmetric S -bimodule M can be endowed with an e-Lie module structure over Qs 
by the action 

(2. 13) [x,m\ := X ■ m - e(fi, a)m ■ x 

for all X € Qa and m e Myj. In this situation, we denote the associated 6-Lie module by W. Thus if 
one wants to define a generalized left-symmetric S -bimodule structure over a F-graded vector space M, 
we should first give a left 6-Lie module on M over g^ and endow it with a right action that satisfies the 
conditions in the definition of S -bimodule. 

Proposition 2.9. Let M and N be two generalized left-symmetric S -bimodules. Then the tensor product 
M ®N is anS -bimodule if we define the left and right actions as follows: 

(2. 14) X- {m®n) :- (x- m - €{a,/3)m • x) ® n -I- €{a,/3)m ® x • n 

(2.15) (m®n)-x :- m®n-x, 
where x, m, n belong to Sa, Mp, N respectively. 

Proof. For arbitrary x e S a,y ^ S p,m e My and n e A^^, it is clear that 

{x • {m®n)) ■ y - X ■ ((m ®n) -y) = e(a, y + 6){{{m ®n)-x)-y-{m®n)-{x- y)). 
Next it suffices to check that 

(x • y) • (m (8) n) - X • (y • (m n)) - e{a,li){(y ■ x) ■ {m®n) - y ■ {x ■ {m® n))). 

In fact, 

(x • y) • (m <8) n) - {x-y) • m®n- €{a + p, y)m • {x-y)®n + e{a + p, y)m ®{x-y) • n 

and 

X • (y • (m <8) n)) 

- X ■ (y ■ m®n - e(fi, y)m ■y®n-\- e(fi, y)m ®y ■ n) 

= X - (y ■ m)®n — €{a,p -I- y)(y ■ m) ■ x®n + e(a,/3 -I- y)y ■ m® x • n — 

e(fi, y){x ■ {m-y)®n — €{a,p -I- y){m • j) • x ® « -I- 6(a,/3 -I- y)m • y® x ■ n) -^■ 
e{J3, 7)(x ■ m®y ■ n - e{a, y)m ■ x®y ■ n + e{a, y)m ® x ■ iy ■ n)). 
Similarly, we have 

(y ■ x) • (m®n) - (y • x) • m®n - €{a + p, y)m ■ (y • x) ® n -I- €{a + p, y)m ®(y ■ x) • n 

and 

y • {x- {m® n)) 

— y • (x • m)®n- e(/8, a -\- y)(x • m) •y®n-\- e(/8, a -\- y)x • m®y • n — 

e(a, y)(y • (m- x)®n — e(p, a -\- y)(m • x) •y®n-\- e(p, a -\- y)m ■ x®y • n) -\- 
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€{a, y){y ■ m® x - n — e(J3, y)m ■ y ® x ■ n -\- e(fi, y)m ®y ■ {x- n)). 
The direct computation yields the desired result. □ 
Let y be a F-graded vector space, then the tensor algebra (see [27]) 

(2.16) T{V):=®iezTi{V) 

is a Z X F-graded associative algebra, where TiiV) = {0} for all / < 0, To{V) = k and 

Ti{V) ^V®---®V 

i factors 

for all / > 0. Let J(V, e) denote the two-sided ideal of T{V) generated by the elements of the form 

(2.17) m<S>n + €{a,/3)n®m, m e Vcr,n e Vjs- 

Then the quotient algebra A^V := T{V)/I{V, e) is called the e-exterior algebra of V and the multiplication 
in AfV is denoted by A^. On the other hand, I{V, e) is a Z x F-graded ideal of T{V) and thus the quotient 
algebra K^V inherits from T{V) a canonical Z x F-gradation. In particular, if we write /\'^V = V • • • 
V{i factors) for the canonical image of r,(V) in A^V, then 

(2.18) A,V = ©iez V, 
where a[V = for all / < 0, A°(V) - k and a\{V) - V. Define 

(2.19) C''\S,M) ■■= Hom(A^5 ®5,M) = ®yerHom/A^5 ®5,M),/ > 0. 

Proposition 2.10. For each i > 0, C'^'(S,M) is an antisymmetric S -bimodule if we endow it with the 
following left action: 

(2.20) S X C^\S, M) C'*\S, M), (x,/) ^ x-f, 
where f e Womp^A^S ®S,M), x e S a, Xs e SaX^ - 1, • • • , / + 1) and 

(X-/)(X1,--- ,Xi,Xi+i) 

= X ■ /(xi, • • ■ , Xi, Xi+i) - e{a,P + ai + ■■■ + ck,)/(-^i, • ■ • ,Xi,x- x,+i) 
+e{a,P + ai + --- + a,)/(xi, • ■ • , x,-, x) • x;+i 

- ^ e(a,yS -I- ai -I- • • • -I- a,-i)/(xi, • • • , x,.-i, [x, xj, • • • , x,-, x^+i). 

.5=1 

Proof. Let denote the associated 6-Lie algebra. Note that for each / > 0, there is an isomorphism 77 
which is homogeneous of F-degree zero of vector spaces: 

ri : C\Qs,k)®C\S,M) ^ C''\S,M), g®h^ lig^h), 

where 

(2.21) C\Qs,k) := Hom(A^gs,A:) - ®y^Yi^omy{A% ,k),i > 

is an 6-Lie module of qs (see [28] for details) and for each g € Homy(A^gs,^), h e ¥loms(S , M), 

T]ig ® h)ixi, ■■■ , Xi, x;+i) := e{6, ai -1- • • • -1- a^gixi,- ■ ■ , x,)/j(x,+i). 

Thus the antisymmetric generalized left-symmetric bimodule structure on C'{Qs,k) ®C^{S,M) will give 
an antisymmetric generalized left-symmetric bimodule structure on C'^HS,M) by the transformation of 



COHOMOLOGIES AND DEFORMATIONS OF GENERALIZED LEFT-SYMMETRIC ALGEBRAS 7 

T]. On the other hand, the antisymmetric 5-bimodule structure on C^{S,M) is constructed in Proposition 
2.7 and the 6-Lie module structure on C'(gs,/:) over 95 is well known. Hence for h e \ioras{S,M) and 
g € Homy(A^g5 , k), we define a left action of 5 on C\qs , k) ® C^{S, M) by: 

- nii^^ g\®h + e{a, y)g®x- h)(xi ,Xi, x,+i) 

- - ^ e(a, 7 + ori + • • • + as-i)e(6, ai + ■ ■ ■ + a^gixi , • • • , [x, x^], ■■■ , x,)^(x,+i) + 

e{a, y)£(a + S,ai + ■■■ + ai)g{xi , x,) X 

(x • h{xi+i) - 6{a, 6)h{x ■ X;+i) + e{a, 6)h{x) ■ x,-+i). 

The direct calculations show that t](x • (g ® /z)) - x- (rjig ® h)). Therefore (x, /) i-> x • / is an antisymmetric 
S -bimodule. □ 

3. COHOMOLOGY OF GENERALIZED LeFT- SYMMETRIC AlGEBRAS 

Let {S,T, e) be a generalized left-symmetric algebra and M be an S -bimodule. We define C{S, M) :— 
ei>oC'-\S,M), where C'+i(5,M) is defined as in (2.19). Now we present an e-pre-simplicial cochain 
complex on C(S,M). We define homogeneous linear mappings Dt of degree zero with respect to the 
r-gradation on C(5, M) by A : C'(S, M) C'^\S, M), = 1, 2, 3, • • • .) 

(Df/)(xi,--- ,Xi,Xi+i) 

(3.1) =€(J3 + ai + ■ ■ ■ + at-uat)xt ■ f{xi, - ■ ■ ,x,, ••• ,x,-,x,+i) 

-e{at, at+i + ■■■ + o;,)/(xi , • • • , Xf, • • • , x,-, x, • x^+i) 

+e{at, at+\ + ■■■ + ai)f{xi,- • • , x,, • • • , x,-, x,) • x;+i 

- ^ e{at, at+i +■■■ + a;_i)/(xi, ■■■ ,x,,-- - , xj-i, [x,, xj], ■■■ , x,-, x,+i) 
t<j 

for t <i,i> I and 

(3.2) Dtf - for ? > /, 

where / e Homys(A^~^5' S, M), Xs & Sa,(s - I, - ■ ■ ,i + I). Here x means that the element x is omitted. 

Proposition 3.1. For all \ < s < t, we have DtDg - DsDt-i. That is, the set of Di endows C(S,M) - 
®i>iC'(S, M) with an e-pre-simplicial structure. 

Proof. With the notations as above, for s < t,t > i, DfDs - DgDt-i - 0. For 1 < s < t < i,hy (3.1), we 
have 

(DtDJXxi, ■ ■ ■ ,x,-,x,-+i) 

= e(j3 + ai + • • • + at-i, at)xt ■ {DJ){xi , x?, • • • , x;, x;+i) - 

e{at, at+i + • • • + ai){DJ){xi , • • • , Xj, • • • , x,-, X( • x^+i) + 

e{at, at+i + ■■■ + ai){DJ){xi,- x,-, Xt) ■ x;+i - 

^ e{at, aj+i + • • • + aj-i){DJ){xi,- • • , x,, • • • , Xj-i, [x;, Xj\, ■ ■ ■ , x,, x,+i), 
t<j 
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where 

Xt ■ iDsf)iXl, ■ ■ ■ , Xf, • • • ,Xi, 

= €(J3 + ai + --- + as-i,as)xt ■ (x, • /(xi, • • • , x^, ■ ■ ■ , Xf, • • • , x,-, x;+i)) 

~^i'^s> CTj+i + • • • + at + • • • + cir,)Xf • /(xi, • • • , x^, • • ■ , Xf, • • • , x,-, x^ • x,+i) 
+€ias, as+i + ■■■ + &, + ••• + adxt • (/(xi, • • • , x^, • ■ • , X;, • • • , x,-, x,) • x/+i) 

— Q^i+l +••• + » 7-l)Xf • /(Xl, • ■ • , Xj, • • ■ , [Xj, X^], • • • , Xf, ■ • ■ , X/, X,+ l) 

i<7<( 

- ^ e(a^, a^+i + • ■ • + d, + • • • + Qr^-i)Xf • /(xi, • • • , x^, • • • , x,, • • • , [x^, x^], • • • , x,+i), 

s<t<j 

= e08 + ai + • • • + a,-! , q-.Ox, ■ f(xi , • • • , x^, • ■ • , x,, • • • , x,-, Xf ■ x^+i) 

-e(ai,ai+i + ■ ■ ■ + a, + ■ ■ ■ + ai)f{xi, ■ ■ ■ ,Xs,--- ,Xt,--- , x,-, x., • (X( • x,+i)) 
+6(ai, a^+i + ■■■ + &, + ■■■ + adfixi,- • • , x^, • ■ ■ , x,, • • • , x,-, xj • (x, ■ x^+i) 

— t(ci^i, Q^i+l +••• + » j-l)f{xi, • • • , Xj, • • • , [Xj, Xy], • • • , Xf, • • • , X;, Xf • X,+ l) 

i<;<( 

- ^ eCa^, a^+i + • • • + a, + • • • + a^_i)/(xi, • • • , x^, • • • , Xf, • • • , [x^, xj], • • • , x, • x,-+i), 

s<t<j 

{DJ){xi ,x,,--- ,Xi, xt) ■ Xi+i 

- €(J3 + ai + ■ ■ ■ + a,^i, CK,.)(X,. • /(Xi , • • • , X^ , • • • , Xj, • • ■ , X;, Xt)) ■ Xi+l 

-€{as, as+i + ■ ■ ■ + at + ■ ■ ■ + ai)f{xi, ■■■ , x^, • • • , X(, • • • , x,-, x., • X() • x^+i 
+e(ai,ai+i + • • • + + • • • + ffOC/Cxi, • • • ,x^,--- ,Xf,--- , x,, x^) • Xj) • x,+i 

— as+i + ••• + « j-i)f{xi, ■ ■ ■ , Xs, ■ ■ ■ , [Xs,Xj], ■ • ■ , Xf, • • • , X;, Xt) ■ Xj+i 

s<j<t 

- ^ €{as, as+i + ••• + »( + ••• + aj_i)/(xi, • • • , x^, • • • , X(, • • • , [x^, xj], ■■■ , X() • x,+i, 
t<j 

- ^€(p + ai + --- + as-i,as)xs ■ /(xi, • • • , x^, • • ■ , X;, • • • , [x,, x^], • • • , x,, x/+i) 

t<j 

— cUs+i + • • • + ai)f{x\, • • • , Xs, • • • , X{, • ■ • , [x^, xy], • • • , x,-, x^ • x,+i) 

t<j 

+ f(Q^i, O^s+l + ■ ■ ■ + Oii)f{X\, ■ ■ ■ , Xs, ■ ■ ■ , X(, • • • , [Xt,Xj], ■ ■ ■ , Xi, Xs) ■ X;+i 
t<j 

~ f(Q^i5 + • • • + Q;^[_i)/(xi, • • • , Xs, • • • , [Xj, Xyj], • • • , Xf, • • • , [Xf, Xy], • ■ • , X;+l) 

s<ji<t<j 

~ ^{(^sj + • • • + Q;yj_i)/(xi, • • • , x^, • • • , X(, • • • , [Xf, Xy], • • • , [x^, XyJ, • • ■ , X/+l) 

s<jl ,t<j<ji 

- ^ e{as, as+i + • • • + a, + • • • + a;_i)/(xi, • • • , x^, • • • , x,, • • • , [x^, [Xf, x;]], • • • , x,+i) 
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'^•^+1 + ■■■ + &( + ■■■ + aj^-l) 

i<;i ,t<ji <i 

^fi^Xl, • • • , Xs, • • ■ , Xt, • • • , [Xg, Xj^], • • • , [Xf, Xj\, • • • , 

In a similar way, we have 

{DsDt-if){xi, ■ ■ ■ , Xi, Xi+i) 
- €(fi + ai + --- + as-i,as)xs • • ■ • , x,, • • • , x,-, x/+i) 

-eias, as+i +■■■ + Qr/)(D,_i/)(xi, ■ • • , x^, • ■ • , x,, x^ • x,+i) 
+e(as, as+i +■■■ + Qr/)(D,_i/)(xi, ■ • • , x^, • ■ • , x,, x^) • x,+i 
- ^ e(ai, or^+i + ■ ■ • + ay_i)(£),_i/)(xi, • ■ ■ , x^, • • ■ , xy-i, [x^, xj], ■ ■ , x;, x,+i), 



where 



Xs ■ {Dt-lf){xi, • • • , Xg, • ■ ■ , Xi, Xi+l) 

- €(fi + ai + --- + &! + ■■■ + a,-i,at)xs ■ (xt ■ /(xi, ■ ■ ■ , x^, • • • , x,, ■ ■ ■ , x/, x,+i)) 
—e{at, (Xt+i + • • • + a!i)xs • f{x\, • • • , Xg, • • • , Xf, • • • , x;, x^ • x,+i) 
+e(at, at+i +■■■ + Qr/)x^ • (/(xi, • • • , x^, • • • , Xf, • • • , x,-, x^) • x,+i) 
- ^ e(at, a,+i +■■■ + Qr^-_i)x^ • /(xi, • • • , x^, • • • , X(, • • • , [Xf, Xj], • • • , x,-, x,+i), 



(D(_i/)(xi, • • • , x„ • • • , Xi, X, • x,-+i) 
= €(fi + ai + ■ ■ ■ + as + ■ ■ ■ + at-i,at)x, ■ f{xi, ■■■ , x,, • • • , x^, • • • , x,-, x^ • x,-+i) 
-eCa,, fff+i + • • • + aO/(-«i, • • • , x^, • • • , Xf, • • • , x,-, x? • (x,v • x,-+i)) 
+6(0-;, at+i +■■■ + a,)/(xi , • • • , Xj, • • • , Xf, • • • , X,-, Xf) • (x,. • x,-+i) 
~ ^(q^?) Q^?+i + • • • + aj-i)f{xi, • ■ • , Xs, ■ ■ ■ , X{, • • • , [Xf, x^], • • ■ , Xi, Xs • x,+i), 



iPt-\f)i.X\i ■ ■ ■ ! ^st ■ ■ ■ > ^s) ' Xi+\ 

- e08 + ai + ■ • • + + • • • + a,-i,at){x, ■ /(xi, • • • , x,, • • ■ , x,, • • • , x,, x,)) • x/+i 
—e{at, 0!t+\ + • • • + ai)f{x\ , Xs, ■ • • , Xf, • • • , x,-, Xf • x^) • x/+i 
+e(a,, QTf+i + • • • + Qr/)(/(xi , • • • , x^, • • • , Xf, • • • , x,-, x,) • x^) • x;+i 

~ ^(Q^f, Qff+l + • ■ • + aj-l)f{x\, • • • , Xs, • • • , Xf, • • • , [Xf, Xy], • • • , Xi, Xs) • Xi+l. 



We represent Y.s<j(Pt-if){xu- ■ ■ , X,-, x,+i) as a sum of Xi , X2 and where 

Xi - ^ + ai + • • • + a,_i,a,)x, • /(xi, • • • .x^, ■ • • , [x,,xy], • ■ • ,Xj, • • • ,x,-,x,+i) 

s<j<t 

~ + • • • + ai)f{x\, • • • , Xs, • • • , [x^, xy], ■ • • , X{, • • • , x,-, X; • x,+i) 

s<j<t 

+ ^ e(af, a,+i + ■■■ + q;,)/(xi, • • • , x^, • • • , [x^, xj], ■ ■ ■ ,x,,- ■ ■ ,Xi, Xt) ■ x,+i 



s<j<t 
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- ^ e(a,, at+i + ■■■ + aj^-l) 

s<j<t<h 

X2 - €(fi + ai + ■ ■ ■ + as + ■ ■ ■ + a,^\ , a., + Q';)[x,., • f{xi, ■■■ , x,, • • • , X(, • • • , 
-e{as + a,, a,+i + ■ ■ ■ + a,)/(xi , • • • , x,, • • • , X(, • • • , x,, [x,., Xj] • x,+i) 
+e{as + a,, a,+i + ■ • ■ + a,)/(xi , • • • , x^ , • • • , x,, • • • , x,, [x^ , Xf]) ■ x/+i 

- ^ 6(ai + QTf, OTf+l + • • • + Qry_l)/(X1, • • • , X^, • • • , Xf, • • • , [[X^, Xf], Xy], ■ ■ ■ , X;+l), 



^3 = ^ 608 + ori + • • • + + • • • + a,_i, OffK • /(^l> • • • , x,, • • • , x„ • ■ • , [x^, Xy], • • • , x,+i) 

s<t<j 

- ^ e(Q;f, + ••• + «, + ai)/(xi, • • • , x^, • • • , Xj, • • • , [x^, Xj\, ■■■ , x,, x, • x,+i) 

s<t<j 

+ ^ at+i + ••• + «,■ + aJ/Cxi, • • • , x^, • • • , Xf, • • • , [x^, x^], • • • , x,, X() • x,-+i 

- ^ e(Qrj, a,+i + ■ • ■ + ayi-i)/(xi, • • • , x^, • • ■ , x,, • • • , [xj, xyj, • • • , fc, xj], ■ ■ , x;+i) 

- ^ e(Qrf, a,+i + • • • + a^_i)/(xi, • ■ • , x^, • • • , x„ • • • , [x^, [x^, x^]], ■ ■ ■ , x,+i) 

'<j 

- ^ €{at,at+i + ■ ■ ■ + aj^-l + as) 



t<]<n 

Using the identities in the definitions of a generalized left-symmetric algebra and a bimodule and by 
tedious calculations, we obtain DtDs - DsDt-i,s <t. □ 

Corollary 3.2. Let d = - then (f = 0. 

Define C°(5,M) --{me M\(ab)m ^ a(bm) for all a, b £ 5}, it is easy to check that C°(5,M) 
is an 5-submoduIe of M. By Corollary 3.2, the cochain complex C{S,M) = ©,>oC'(5,M) with its 
coboundary operator d can be extended to a new cochain complex C{S,M) - ®,>oC'(5',M) if we de- 
fine d : C\S, M) C\S, M) by 

d{f){x) = e{p,a)x-f-f-x 
for X e 5„ and / e C"(5, M) n Mp. Hence 

Proposition 3.3. The space C{S, M) — ®i>QO{S, M) is a cochain complex under the following cobound- 
ary operator d of degree zero with respect to the Y -gradation ofC{S, M), 

d(f)(x)^€(J3,a)x-f-f-x, 

where xe Sa, f & C'^CS, M) n and 

{df){xi,--- ,x,-,x,+i) 

i 

- -^i- 1)'^0S + ai -I- • • • -I- a,-i , at)x, ■ /(xi , • • • , Xf, • ■ • , x,-, x,+i) 
f=i 
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+ Y^i-lYeia,, at+i + ■■■ + a,-)/(xi, • ■■ ,x,,-- - , xu Xt ■ 

f=i 
(' 

- ^(-l)'e(ai, ttf+i + • • • + ai)f{xi,- ■■ ,Xt,-- - , xu Xt) ■ 

f=i 

+ ^ {-l)'e{a,,a,+i + • • • + ay-i)/(xi, • • • ,Xt,--- ,Xj^i,{xt,Xj],- ■ ■ ,Xi,Xi+i), 
l<f <;•<,■ 

where f e Hom/^iA'f^ S ®S,M), x^ e S a,{s = 1, •••,/+ 1) and i > 1. 

We conclude this section with introducing the concept of the cohomology spaces of a generalized left- 
symmetric algebra S with coefficients in an S -bimodule M. 

Definition 3.4. Let Z{S, M) = ©,>oZ'(5 , M) with 

Z\S,M):= [f eC\S,M)\d{f) = 0} 
denote the spaces of generalized left-symmetric cocycles and B{S, M) - ®i>QB\S ,M) with 

B\S,M):={d{g)\geC-\S,M)] 
denote the spaces of generalized left-symmetric coboundaries. Then H{S, M) = ®,>o//'(5', M) with 

H\S,M) := Z\S,M)IB\S,M) 
are called the generalized left-symmetric cohomology spaces with coefficients in M. 

One can show that J is a homomorphism of antisymmetric 5 -bimodule, that is, d{x ■ f) - x ■ (df) for 
X e S,f e C'{S , M) and then Z'{S , M), B'{S , M) are antisymmetric S -subbimodules, hence H\S , M) is an 
antisymmetric 5 -bimodule. 

4. Connections Between Generalized Left-symmetric and e-LiE Cohomologies 

Let g be an e-Lie algebra, 2Ji be a left g-module and C(g, W) - ®,>oC'(g, W) be the cochain complex on 
g with coboundary operator b, where 

(4. 1) C'(g, W) - Hom(A|,g, 9Ji) = ®yeY^omy{A%, Wl). 

Recall that the standard e-Lie algebra representation ^ on C'(g, 9J0 (see [28]) is given by 

{^{X)f){xi ,Xi) = [x, /(Xl , • • • , X,)] 

i 

- ^ e(a,yS + ai + ■■■ + ay_i)/(xi, • • • , xj-i, [x, xy], • • • , x,-), 

where / e Homyj(A^g, 9Jf) and (x, m) i-> [x, m] is a representation corresponding to the 6-Lie module 9JL 

On the other hand, we endow C^^iS, M) as defined in (2.19) with a representation p of the associated 
6-Lie algebra g^ corresponding to the antisymmetric representation constructed in Proposition 2.10: 

(p(x)/)(xi, • • • ,Xi,X,-+i) 
= X • /(xi, • • • , Xi, x,-+i) - e{a,p + ai + ■■■ + ai)f{xu ■■■ , x,-, x • x,+i) 
+e{a,p + ai + --- + a,)/(xi, • • • , x,, x) • x^+i 
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- ^ e{a,^ + ori + • • • + as-i)f(xi,- ■ ■ , Xs-i, [x, x,], ■■■ , x,-, 

s=l 

where / e Hom/j(A^5 <8i 5,M), x e (gs)^, e S^^Cj = I,-- - + 1). In particular, the gs-module 
structure on C^(S,M) is given by 

[x,fKxi) = X • /(xi) - e{a,P)f{x ■ xi) + e{a,P)f{x) ■ xi. 

Theorem 4.1. Le? S be a generalized left-symmetric algebra and M an S -bimodule. If we define 

ijf : C(Qs,C\S,M)) ^ C^\S,M), i > 0, 

by 

l^iDixi, ■ ■ ■ , Xi, Xi+l) - /(xi, • • ■ , x;)(x,+ i), 

then iff induces an isomorphism ofQs -modules. Moreover, if/ induces an isomorphism ofcochain complexes 
®i>\C\S, M) and ®;>oC'(g5 ,C^{S, M)). In particular, we have 

H'*\S, M) = Hii^iQs ,C\S, M))for all i > 0. 

Proof. We first prove that for all x e qs and / > 0, the following diagram is commutative: 

C'(Qs,CHS,M)) C'ies,C\S,M)) 

C'+i (5 , M) C'+i (5 , M), 

where p and ^ are defined as above. In fact, for / e C'j^{qs,C^{S, M)), we have 

iA(^(x)/)(xi , • • • ,x,-,x,-+i) 
= [x,/(xi,--- ,x,)](x,+i) 

i 

- ^ e(Qr,jS + ai + • • • + a^_i)/(xi, • • ■ , xy_i, [x, xy], • • ■ , x/)(x/+i) 

i=i 

= X • /(Xi, • • • , X,-)(X;+i) - 6(a,jS + «! + ••• + ai)f{xi, ■■■ , x,-)(x • x,-+i) 

+e{a,p + ai + • • • + a,)/(xi, • • • , x,)(x) • x^+i 
i 

- ^ e{a,p + »! + •■• + ay_i)/(xi, • ■ • , Xy_l, [x, Xy], • • • , X;)(X/+l), 

y=i 

and 

P{x){llf{f)){x\ ,Xi, X;+l) 

= X • /(xi, • • • , x/)(x,+i) - e{a,P + ori + • • • + Qr;)/(xi, • • • , x,)(x • x,+i) 
+e{a,p + ori + • • • + a,)/(xi, • • • , x,)(x) • x,+i 

- ^ e{a,l5 + «! + ••• + ay_i)/(xi, • • • ,xy_i, [x,xy], • • • ,x,)(x,+i). 

Thus ^/f : C\Qs,C^iS, M)) C'"^^(5, M) is a homomorphism of -modules. Moreover, ifj has no kernel 
and it is an epimorphism. That is, is an isomorphism. 
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With an analogous argument, we have that for all / > 0, the following diagram is commutative: 

C'{Qs,C\S,M)) C'-\qs,C\S,M)) 

Hence the cochain complexes ®,>oC'(g5,C^(5',M)) and ®,>oC'''"HS, M) are equivalent and in particular, 
we have H'+\S, M) = //[j^Cqs , C\S,M)) for all / > 0. □ 

Remark 4.2. Note that H\S ,M) = Z\S ,M)IB\S ,M) and 

Z\S,M) = {feC\S,M)\d{f)^0} = Z\Qs,C\S,M)), 
B\S,M) = {dm\m e M,{xy)m - x(ym) for all x,y e S}. 

Then it is not difficult to check that the following sequence is exact: 

^ Z°(5, M) ^ C°(5, M) ^ H^iQs ,C\S,M)) ^ H\S,M) ^ 0. 

Theorem 4.1 means that the cohomology spaces H'{S, M){i > 2) can be calculated if we are able to find 
a way to compute the corresponding e-Lie cohomology spaces. In particular. 

Theorem 4.3. For a left-symmetric superalgebra S and its bimodule M, we have 

H'^\S,M) = H[.^{qs,C\S,M))= 2] HP{QslI,k)®W{I,C\S,M)f', 

p+q=i 

where I is a graded ideal of Qs such that qs/I is a semisimple Lie algebra and H'^{I,C^{S ,M))^^ is a 
submodule ofH^{l, C^{S, M)) annihilated by . 

Proof. Note that the Hochschild-Serre factorization theorem in Lie superalgebras ([2]) and apply Theorem 
4.1. □ 

5. Deformations of Generalized Left-symmetric Algebras 

In this section, we extend Gerstenhaber's theory of formal deformation of algebras ([11]) to generalized 
left-symmetric algebras. 

Let S = ®yerSy be a finite-dimensional generalized left-symmetric algebra over a field k of character- 
istic zero and k{(A)) denote the field of fractions for the formal power series ring ^[[/l]]. We extend the 
coefficient domain from k to k{{A)) and construct a bilinear map on the vector space S a = S <S> k{{A)) of 
ffie form 

(5.1) fAix,y) = x-y + AFi{x,y) + A^F2ix,y) + --- , 

where Fi are bilinear maps and we may set Fo{x,y) = x ■ y, the product in S . Suppose furffier ffiat 
ix,y) 1-^ /i(jc,y) defines a generalized left-symmetric algebra on S a- Then we say that (5^,/^) is a 
one-parameter family of deformations of 5. It is evident that (2.1) cannot be maintained unless and 
each Fi are homogenous elements of degree zero. This is to say, a deformation must leave the gradation 
undisturbed. 

On the other hand, the generalized left-symmetric identity (2.2) requires 

(5.2) fMx, y), z) - /i(x, fA(y, z)) = e{a,p) {fAfA(y, x), z) - fA(y, fxix, z))) 
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for all X e Sa,y £ S ii,z. £ S and a, (5 e T. In terms of F,-, we have for all non-negative integers p: 
(5.3) Yj (^r(F,,{x, y), z) - F,.{x, F,,(y, z)) - e{a,/3) (FriF^y, x), z) - F^iy, F,{x, z)))) - 0. 

r+s=p,r,s>Q 

(5.3) are known as integrability conditions. If y = 1, we obtain an equation for Fi: 

Fi{x,y) ■ z + Fiix ■ y,z) - X ■ Fi (y, z) - Fi{x,y ■ z) 

= eia, fiXFi (yx,z) + F:(y,x)-z-Fiiy,x-z)-yF:ix,z)). 

Hence the first integrability condition states that Fi must be a two-cocycle. An element F e Z^{S,S) 
is said to be integrable if it is the first term of a one-paiameter deformation series (5.1). We call Fi an 
infinitesimal deformation. Putting p = I 'm (5.3), we get 

dF2{x,y,z) =p2(x,y,z), 

where 

/i2(x, y,z) = Fi (Fi (x, y),z)-Fi (x, Fi (y, z)) - e{a,p){Fy {F y{y,x),z) - F y {y, Fi (x, z))) 

and d is the coboundary operator defined as (3.6). One can show that p2 is an element of Z^(S,S) if Fi 
is in Z^{S,S). If Fi is integrable, then this three-cocycle must be a coboundary. Hence the cohomology 
class of is the first obstruction to the integration of Fi. In general, we have 

(5.4) dFpix, y, z) = Ppix, y, z), 
where 

lUpix, y,z) = Y, (Fr(F,(x, y), z) - Fr(x, F,(y, z)) - e(a,/3) (F,.(F,(y, x), z) - Fr(y, F,{x, z)))) 

and r + s - p,r, s > 0. We can show that if Fi, • • • , Fp^\ are chosen such that the integrability condition 
(5.3) holds, then iip is a thi^ee-cocycle. (This is done by appropriate modification of Dzhumadil'daev's 
proof in [6] to take care of the F-gradation.) Thus, the obstruction to continuing the deformation to the 
p-th term lies in the possibility that the cocycle p.p might not be a pure coboundary. For this reason, 
H^(S,S) may be regarded as the space of obstruction to deformations of 5 and if H^{S,S) = 0, then all 
obstructions vanish and every two-cocycle is integrable. 

Now suppose /a = Tj ^"F^ and = Z are two one parameter families of deformations of a 
generalized left-symmetric algebra S . We say that and are equivalent if there exists a nonsingular 
linear automorphism of 5 i of the form 

(l)i(x) = X + A(pi{x) + A^ip2{x) H , 

where all the (/?,• : 5 — > 5 are homogenous linear maps of degree zero, such that for x,y e S 

(5.5) fA{x,y)^^-,'gA{^A{x),^A(y)). 
Expanding both sides of (5.5) in powers of A, we find 

Fi{x,y) -Giix,y) = d(pi(x,y). 

Thus, if two deformations are to be equivalent, then their infinitesimal generators must belong to the 
same cohomology class in Z^{S,S). A deformation /a is called trivial if it is equivalent to the identity 
deformation, that is F, = for all / > in (5.1). 
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Suppose now that is a one-parameter family of deformations of S and F„{n > 1) is the first nonzero 
term. Then it follows from (5.4) that JF,, = 0. If further F„ is in B^{S,S), then F„ = -dip for some (p in 
C^{S,S). Setting O^Cx) ^ x + A(p{x), we have 

where F'^_^^, F'^^^^ • • • , are the two-cochains of degree zero defining a deformation /j that is equivalent to 
and again F'^^^ is in Z^{S,S). Then we obtain the following result. 

Proposition 5.1. Let fx be a one-parameter family of deformations of a generalized left-symmetric algebra 
S. Then fx is equivalent to gA{x,y) = x • j + /l"G„(x, + • • • , where the first non-vanishing cochain Gn 
is in Z^{S,S) and is not a pure coboundary. In particular, if H^{S,S) = 0, then every deformation is 
equivalent to the trivial deformation. 

The study of deformations is a way to obtain new algebras. We end this paper with an example that il- 
lustrates how to determine all simple left-symmetric superalgebras which can be obtained by infinitesimal 
deformations of a given left-symmetric superalgebra. 

Example 5.2. Consider the 3-dimensional complex left-symmetric superalgebra S with a homogeneous 

basis {x,yi,y2 | x £ 5o,3'i,3'2 ^ Si) satisfying 

X - X ^ 2x,x -ji =yi,x-y2= y2,yi -yi = x,y2 -yi = -x. 

With respect to the basis of 5 the second cohomology is given by 

H^{S,S) - {Fi e C^{S,S)\Fi{x,x) - ax,Fi{x,yi) - by2, 
Fi{x,y2) = cyi -\- ay2, others are zero, a,b,c e C). 

These two-cocycles satisfy the integrability conditions (5.3). We have a first-order deformation with 

fA^Fo + AFi. 

Next, we determine the simple left-symmetric superalgebra (5^,/i). Note that every nonzero ideal will 
contain x. On the other hand, the ideal generated by x equals S a if the vectors /K^>3'i)>/i(-^>3'2) are linear 
independent. Then it is not difficult to classify the simple left-symmetric superalgebras constructed by this 
way: any one of them is isomorphic to one of the following left-symmetric superalgebras 

(1) Saij ■■ fA{x,x) = (t-h l)x,/^(x,yi) = yi,fA{x,y2) = ty2,fA(yi,y2) = x,fx{y2,y\) = -x,0 < \t\ < 
1 or f = < e<n; 

(2) Sa2 ■ fA{x,x) = 2x,fx{x,yi) = yi,fA{x,y2) = yi + yi, fAiyuyi) = x,fx{y2,yi) = -x. 

Here Sai, and Sa2 contain all the 3-dimensional complex simple left-symmetric superalgebras which have 
been obtained in [31]. 
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